We determine the exact beta function and a RG flow Lyapunov function for N = 2 SYM with gauge group SU(n). It turns out that the classical discriminants of the Seiberg-Witten curves determine the RG potential. The radial irreversibility of the RG flow in the SU(2) case and the non-perturbative identity relating the u-modulus and the superconformal anomaly, indicate the existence of a four dimensional analogue of the c-theorem for N = 2 SYM which we formulate for the full SU(n) theory. Our investigation provides further evidence of the essentially topological nature of the theory.
Recently it has been shown that the exact results about N = 2 SUSY Yang-Mills obtained by Seiberg and Witten [1] actually follow from first principles [2] . In particular, in [2] it has been shown that the entire physical content of the SU(2) theory can be extracted from the identity [3] u = πi(F − a∂ a F /2).
(1)
In this context, we observe that uniformization theory is the natural framework for investigating N = 2 SYM [2] [3] . A basic fact for the derivation in [2] is that the identity (1), first checked up to two-instanton in [4] , has been proved to any order in the instanton expansion in [5] and has been obtained as an anomalous superconformal Ward identity in [6] (this also excludes other non-perturbative effects besides instantons). A first consequence of these results is that u = T rφ 2 is actually a good modular invariant global coordinate [3] . In particular, one can consider the complex coupling constant τ as a generally polymorphic function of the independent variable u ∈ C ∪ {∞}. Furthermore, the T 2 symmetry u(τ + 2) = u(τ ), which rigorously follows from the asymptotic analysis together with the relation (1), and the fact that
uniquely fix the monodromy group to be Γ(2) [2] and therefore the explicit Seiberg-Witten results.
One of the main consequences of the Seiberg-Witten results is that for the first time it has been possible to determine the exact expression of the β-function of a non-trivial four dimensional quantum field theory [7] [8] . The exact expression for the β-function in the case of SU(3) was obtained in [9] (see also [10] for related aspects). Very recently the SU (2) β-function has been reconsidered in a series of interesting papers [11] [12] [13] . We will see that the are related relevant structures which arise in considering higher rank groups.
The exact solution for the β-function of the theory, provides the possibility of looking for the analogue of the Zamolodchikov c-theorem [14] in the context of four dimensional quantum field theories. The content of the c-theorem is the identification of an RG monotonic quantity, i.e. a Lyapunov function, giving at its fixed points a way to recognize some properties of the conformal limits of the class of 2-D theories. As well known, this quantity is strictly related to the conformal anomaly. In the case of 2 < D < 4 theories something can be guessed from the speculations in [15] (and reference therein). Our letter tries to give some contributions to the 4-D problem (see for example [16] for related aspects). In the case of the SU(2) Seiberg-Witten theory, the results in [12] can be understood from the c-theorem point of view, since (1) means that u is proportional to the (super)conformal anomaly [6] .
In this paper we show that this result fits in a more general framework in which a Lyapunov function is naturally determined and related to the classical discriminant of the Seiberg-Witten curve.
Let us first consider some aspect for the SU(2) case. Since the u quantum moduli space
is the thrice punctured sphere, we have
where J is the uniformizing map J : H → C\{±1} and H is the upper half plane. Since
The exact β-function is [7, 8] 
that in terms of θ-functions has the form
This expression has been recently rederived in [11] and further investigated in [12] [13] where it has been observed that by
where
The radial irreversibility of the RG flow is proved just by noticing that
which means that |u/Λ 2 | 2 is a non-increasing function along the RG flow. In other words
is a Lyapunov function for the RG flow. Note that the only stable fixed point is u = 0 which is Z 2 invariant. It corresponds to the zero locus τ 0 = {τ ∈ H|J(τ ) = 0}, that is
where Γ(2) acts linearly fractionally
In [9] it has been shown that the basic structures of the SU(2) case are naturally extended to SU(3) if one introduces the modular invariant quantities
where β, γ = 2, 3, z is the modular
These expressions, which have been given in [9] for SU (3), trivially extend to SU(n) for any n ≥ 2. The structure of the theory is naturally described by the basic brackets
which allow to express the content of Seiberg-Witten theory in terms of the canonical relations for the periods
In particular, in the SU(3) case, the prepotential F satisfies four non-linear differential equations which are equivalent to the reduced Picard-Fuchs equations. The equations for F are the two-parameter WDVV equations [9] and the two non-linear differential equations
with β = 2, 3. For the modular invariant z we have z = 3i π u, that is [9] 
which is the generalization of (1) and has been derived by other means and also for higher rank groups in [17] .
The modular invariant quantities I γ β allow us to find the analogue of the identity (13) in the case of v. It turns out that [9] v = 1 36
The above framework is the natural one to properly investigating the extension to N = 2 SYM with higher rank gauge groups [19] .
Let us consider the beta function (matrix)
Since under modular transformations
It follows that
is a modular invariant 1-form. Here β ij and β αγ denote the inverse of the matrices β ij and β αγ respectively, and
are the modular invariant quantities we introduced in [9] . For SU(3) these are related to the I γ β 's by
whose solution is
where A = 3i π [(12uv) 2 − P 2 /3u] −1 and P = 27(v 2 − Λ 6 ) + 4u 3 . Since the explicit expression of β αγ is [9] 
it follows by (16) and (19) 
with u(τ ) = u/Λ 2 , v(τ ) = v/Λ 3 . Eq. (21) shows that the RG flow is gradient. Furthermore,
it follows that
is a Lyapunov function for the RG flow.
In [9] it has been observed that also in the SU(3) case there is the uniformization mechanism which generalizes the structure underlying the SU(2) case [3] . In particular, the structure of the covering of the quantum moduli space M SU (3) is encoded in the properties of the Appell's functions. The fact that τ ij is dimensionless implies that For the higher rank case it is immediate to read out the general structure we are looking for. In fact our RG potentials Ψ 2 and Ψ 3 are simply related to the classical discriminants of the Seiberg-Witten curves [18] . These are defined as
where {e i } are the zeros in x of the polynomial W A n−1 (x; u 2 , .., u n ) = x n − n γ=2 u γ x n−γ . Explicitly, for n = 2, 3 ∆ SU (2) cl.
Therefore, there is strong evidence that for the SU(n) case
with b defined as in (16) and∆
. . , n. Furthermore, we have the equation
As L n reaches its minimum, we have∆ SU (n) cl.
(τ ) = 0, meaning that the system naturally tends to flow through the classical locus of gauge symmetry restoring: this restoring in fact does not really happen since the quantum moduli space is dramatically different from the semiclassical one. In any case, all this means that the classical symmetry restoring locus continues playing a non trivial attracting röle in the full theory.
Notice that the above result may cause some doubts: it is stated that the exact quantum RG flow of a given theory follows some classically determined character. It seems to us conceivable that a full explanation of the above phenomenon should be found in a deeper understanding of non-renormalization theorems intertwined with the essentially topological nature of the theory [20] [9][21] [22] .
A crucial point about our Lyapunov functions is whether they encode in some way any physical information about the structure of the massless sector of the theory at the critical points. We refer the reader to [13] and references therein for a more general discussion about this aspect which is general enough to extend also to the higher rank case.
Finally, we observe that the approach in [23] [10] should be useful to extend our results to the case with matter. Another interesting aspect is that, as observed in [13] , the above structures are related to the quantum Hall system [24] and non-linear sigma models [25] .
